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Fourier seriesBridging techniques between microscopic and macroscopic models are discussed in the case of wrinkling
analysis. The considered macroscopic models are related to envelope equations of Ginzburg–Landau type,
but generally, they are not valid up to the boundary. To this end, a multi-scale approach is considered: the
reduced model is implemented in the bulk while the full model is applied near the boundary and these
two models are coupled with the Arlequin method (Ben Dhia, 1998). This paper focuses on the deﬁnition
of the coupling model and the transition between two scales. Especially, a new nonlocal bridging tech-
nique is presented and compared with another recent one (Hu et al., 2011). The present method can also
be seen as a guide for coupling techniques involving other reduced order models.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Wrinkling phenomenon is one of the major concerns for the
analysis, design and optimization of structures (Rossi et al., 2005)
and material processing (Abdelkhalek et al., 2010), self-organized
surface morphology in biomechanics (Eﬁmenko et al., 2005), pat-
tern formation for micro/nano-fabrication (Bowden et al., 1998),
etc. To analyze such phenomena, we propose the use of macro-
scopic models based on envelope equations as in the ﬁeld of
cellular instability problems (Wesfreid and Zaleski, 1984; Cross
and Hohenberg, 1993; Hoyle, 2006). Such macroscopic descrip-
tions are common for Rayleigh–Bénard convection (Newell and
Whitehead, 1969; Segel, 1969), buckling of long structures
(Damil and Potier-Ferry, 1986; Boucif et al., 1991; Abdelmoula
et al., 1992), surface wrinkling of stiff thin ﬁlms resting on compli-
ant substrates (Bowden et al., 1998; Chen and Hutchinson, 2004;
Huang et al., 2004; Huang et al., 2005; Audoly and Boudaoud,
2008; Wang et al., 2008; Brau et al., 2011; Cao and Hutchinson,
2012; Zang et al., 2012), ﬁber microbuckling and compressive fail-
ure of composites (Drapier et al., 2001; Kyriakides et al., 1995;
Waas and Schultheisz, 1996), wrinkling of membranes (Rossi
et al., 2005; Wong and Pellegrino, 2006; Rodriguez et al., 2011;
Lecieux and Bouzidi, 2010; Lecieux and Bouzidi, 2012) and manyother instabilities arising in various scientiﬁc ﬁelds (Wesfreid
and Zaleski, 1984; Cross and Hohenberg, 1993). The responses of
such systems are often nearly periodic spatial oscillations. There-
fore, the evolution can be described by envelope models similar
to the famous Ginzburg–Landau equation (Segel, 1969; Damil
and Potier-Ferry, 1992; Hunt et al., 2000; Iooss et al., 1989).
A new approach has been recently adopted by Damil and Potier-
Ferry, 2006; Damil and Potier-Ferry, 2008; Damil and Potier-Ferry,
2010 to model wrinkling phenomena. The approach is based on the
Ginzburg–Landau theory (Wesfreid and Zaleski, 1984; Iooss et al.,
1989). In the proposed theory, the envelope equation is derived
from an asymptotic double scale analysis and the nearly periodic
ﬁelds (reduced model) are represented by Fourier series with
slowly varying coefﬁcients. This mathematical representation
yields macroscopic models in the form of generalized continua.
In this case, the macroscopic ﬁeld is deﬁned by Fourier coefﬁcients
of the microscopic ﬁeld. It has been shown recently that this
approach is able to account for the coupling between local and glo-
bal buckling in a computationally efﬁcient manner (Liu et al., 2012)
and it remains valid beyond the bifurcation point (Damil and
Potier-Ferry, 2010).
Nevertheless, a clear and secure account of boundary conditions
cannot be obtained, which is a drawback intrinsically linked to the
use of any model reduction. To solve this problem, a multi-scale
modeling approach has been recently proposed in order to bypass
the question of boundary conditions (Hu et al., 2011): the full
model is implemented near the boundary while the envelope
model is considered elsewhere, and these two models are bridged
Fig. 1. Sketch of an elastic beam on a nonlinear elastic foundation.
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Rateau, 2005). This idea makes it possible to clarify the question of
boundary conditions, which keeps the advantages of the two
approaches: the envelope model in the bulk makes it possible to
simplify the response curves and limit the total number of degrees
of freedom; the ﬁne model avoids the cumbersome problem of the
boundary conditions being applied to the envelope equation. In
this paper, we revisit these coupling techniques between a refer-
ence model and a reduced model of Ginzburg–Landau type.
Over the last decade, various numerical techniques have been
developed to couple heterogeneous models, e.g. the Arlequin
method (Ben Dhia, 1998, 2006, 2008; Ben Dhia and Rateau, 2005)
or the bridging domain method (Xiao and Belytschko, 2004). One
can couple classical continuum and shell models (Ben Dhia and
Rateau, 2005), particle and continuum models (Bauman et al.,
2008; Prudhomme et al., 2008; Prudhomme et al., 2012; Bauman
et al., 2009; Xiao and Belytschko, 2004), heterogeneous meshes
(Ben Dhia and Rateau, 2005; Hu et al., 2009) or more generally het-
erogeneous discretizations (Ben Dhia and Jamond, 2010; Biscani
et al., 2012). For instance, local stresses around the boundary have
been computed by coupling 2D elasticity near the boundary and 1D
beam model elsewhere (Hu et al., 2009, 2010).
Basically, the Arlequin method aims at connecting two spatial
approximations of an unknown ﬁeld, generally a ﬁne approxima-
tion Uf and a coarse approximation Ur . The idea is to require that
these two approximations are neighbor in a weak and discrete
sense and to introduce Lagrange multipliers in the corresponding
differential problems. At the continuous level, a bilinear form must
be chosen, which can be L2-type, H1-type or energy type (Ben Dhia
and Rateau, 2005; Ben Dhia, 2008; Bauman et al., 2008). The ﬁrst
and important application of the Arlequin method is the coupling
between two different meshes discretizing the same continuous
problem: in this case, the mediator problem should be discretized
by a coarse mesh to avoid locking phenomena (Ben Dhia and
Rateau, 2005) and spurious stress peaks (Hu et al., 2009). But the
two connected problems are not always in the same space, as for
instance when dealing with particle and continuous problems. In
this case, a prolongation operator has to be introduced to convert
the discrete displacement into a continuous one and next a con-
nection between continuous ﬁelds is performed (Bauman et al.,
2008): this is consistent because the continuous model can be seen
as the coarsest one. A similar approach has been applied in the cou-
pling between plate and 3D models. A prolongation operator has
been introduced (i.e. from the coarse to the ﬁne level) and the inte-
gration is done in the 3D domain but the discretization of the
Lagrange multiplier corresponds to a projection on the coarsest
problem: thus, in this sense, this coupling of plate/3D is also
achieved at the coarse level. In the same spirit, for the coupling
between a ﬁne model and an envelope model that is discussed in
this paper, the connection should also be done at the coarse level,
i.e. between Fourier coefﬁcients. On the contrary, a prolongation
operator from the coarse to the ﬁne model had been introduced
in the previous paper (Hu et al., 2011) and the connection had been
done at this level. Therefore, one can wonder if the imperfect con-
nection observed in Hu et al. (2011) could be improved by intro-
ducing a coupling at the relevant level. This paper tries to answer
this question by studying again the Swift–Hohenberg equation
(Swift and Hohenberg, 1977) that is a simple and illustrative exam-
ple of quasi-periodic bifurcation. Very probably, the same ideas can
be applied to 2D macroscopic membrane models that were
recently introduced in Damil et al. (2013). Note that the presented
new technique can be considered as nonlocal since it connects Fou-
rier coefﬁcients involving integrals on a period. A similar nonlocal
coupling has been introduced in Prudhomme et al. (2012) in the
case of an atomic-to-continuum coupling, where the atomic model
is reduced by averaging over a representative volume.The question addressed in this paper is more or less generic in
applying bridging techniques to reduced models or multi-scale
models. The ﬁrst papers about the Arlequin method focused on
the choice of a bilinear form and its discretization. But in asymp-
totic multiple scalemethods (Sanchez-Palencia, 1980) or in compu-
tational homogenization (Feyel, 2003), one clearly distinguishes
two independent spatial domains: a macroscopic domain to
account for slow variations and a microscopic domain for the rapid
variations. Therefore, the connection operators between the two
levels have to be clearly deﬁned, as well as the level at which the
coupling is achieved. This subject will be discussed in this paper.
The paper is organized as follows. In Section 2, we establish the
theoretical framework of the multi-scale approach, using Fourier
coefﬁcients as in Damil and Potier-Ferry (2006). Then we derive
the macroscopic envelope model together with a critical review
of the adopted approach. In Section 3, the reduction methodology
to obtain different envelopes has been discussed with the example
of an elastic beam subjected to a nonlinear elastic foundation.
Section 4 is dedicated to the bridging technique and the discretiza-
tion. The difference in terms of methodology between the prolon-
gation coupling (Hu et al., 2011) and the reduction-based coupling
approach is thoroughly explored. In Section 5, the wrinkling
prediction of an elastic beam on a nonlinear elastic foundation is
analyzed using the developed nonlocal reduction-based coupling
approach. The results are compared to those obtained using
the prolongation coupling approach. Conclusions are reported in
Section 6.
2. Macroscopic modeling of instability pattern formation
The numerical test considered in this paper is the famous
Swift–Hohenberg equation (Swift and Hohenberg, 1977) that cor-
responds to the problem of a compressed elastic beam coupled
with a nonlinear foundation. It has been studied in many papers,
for instance in Hunt et al. (1989), Hunt et al. (2000), Damil and
Potier-Ferry (2010), Mhada et al. (2012), because it is a very repre-
sentative example in the study of cellular instabilities. From this
microscopic model, a macroscopic envelope model will be pre-
sented and studied in the rest of the paper. Among those discussed
in Damil and Potier-Ferry (2010), it is not the more accurate, but it
is the simplest one and it is able to describe the amplitude modu-
lation of the oscillation. Let us recall that the central point of the
paper is a bridging technique used to correct a reduced model near
the boundary. This technique has to be robust and it has to play its
part for several levels of reduced model.
2.1. Description of the microscopic model
We consider the example of an elastic beam subjected to a
nonlinear elastic foundation as shown in Fig. 1. The unknowns
are the components uðxÞ and vðxÞ of the displacement vector and
the normal force nðxÞ, which represents UðxÞ ¼ fuðxÞ;vðxÞ;nðxÞg.
We will study the following set of differential equations:
dn
dx þ f ¼ 0; ðaÞ
n
ES ¼ dudx þ 12 dvdx
 2
; ðbÞ
d2
dx2
EI d
2v
dx2
 
 ddx n dvdx
 þ cv þ c3v3 ¼ 0: ðcÞ
8>><
>>: ð1Þ
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depends on four structural parameters EI; ES; c; c3 and a given axial
force f ðxÞ. This system is able to describe periodic patterns. For
instance, in the case without horizontal force ðf ¼ 0Þ, with constant
coefﬁcients EI; c and a prescribed uniform compression stress
l ðnðxÞ ¼ lÞ, a relation between the critical load l and the wave
number q of periodic patterns can be deduced from the linearized
version of (1-c):
lðqÞ ¼ EIq2 þ c
q2
: ð2Þ
The critical wave number q ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃc=EI4p can be deﬁned as the mini-
mum of the neutral stability curve lðqÞ.
Note that the solutions of the system (1) are stationary points of
the following potential energy:
Pðu; vÞ ¼
Z L
0
ES
2
u0 þ v
02
2
 !2
þ EI
2
v 002 þ c
2
v2 þ c3
4
v4  fu
0
@
1
Adx:
ð3Þ2.2. Reduction procedure by Fourier series
Wewill conduct a multi-scale approach based on the concept of
Fourier series with slowly varying coefﬁcients. Let us suppose that
the instability wave number q is known. In this way, all the
unknowns of model UðxÞ ¼ fuðxÞ;vðxÞ;nðxÞ; . . .g can be written in
the form of Fourier series, whose coefﬁcients vary more slowly
than the harmonics:
UðxÞ ¼
Xþ1
j¼1
UjðxÞejiqx; ð4Þ
where the Fourier coefﬁcient UjðxÞ denotes the envelope for the jth
order harmonic, which is conjugated with UjðxÞ.
The macroscopic unknown ﬁelds UjðxÞ slowly vary over a period
x; xþ 2pq
h i
of the oscillation. In practice, only a ﬁnite number of Fou-
rier coefﬁcients will be considered. As shown in Fig. 2, at least two
functions U0ðxÞ and U1ðxÞ are necessary to describe nearly periodic
patterns: U0ðxÞ can be identiﬁed with the mean value while U1ðxÞ
represents the envelope or amplitude of the spatial oscillations.
The mean value U0ðxÞ is real valued, while the other envelopes
are complex. Consequently, the envelope of the ﬁrst harmonic
U1ðxÞ can be written as U1ðxÞ ¼ rðxÞeiuðxÞ, where rðxÞ represents
the amplitude modulation and uðxÞ is the phase modulation. If
the phase varies linearly like uðxÞ ¼ Qxþu0, this type of approach
is able to describe quasi-periodic responses whose wave number
qþ Q slightly differs from the a priori chosen q. Hence, the method
makes it possible to account for a change in wave number.
The main idea of macroscopic modeling is to deduce differential
equations satisﬁed by the amplitude UjðxÞ. Some calculation rules
have been introduced in Damil and Potier-Ferry, 2006, 2010 to
manage these Fourier series with slowly varying coefﬁcients.Mean field
Mean field+amplitude
Fig. 2. At least two macroscopic ﬁelds (the mean ﬁeld and the amplitude of the
ﬂuctuation) are necessary to describe a nearly periodic response.2.3. A simple macroscopic model with two real envelopes
The previous reduction procedure has been applied to the
microscopic model (1) and (3) (see Damil and Potier-Ferry,
2010). Several reduced models have been established, depending
on the number of harmonics and some additional assumptions.
The general methodology to obtain the macroscopic models is
detailed in Appendix A, as well as a very accurate reduced model
with ﬁve harmonics and another with one real and one complex
envelope in Appendix B. In this paper, we only recall the simplest
possible model that involves only three real functions: the mean
values of the membrane unknowns u0ðxÞ;n0ðxÞ and the ﬁrst ampli-
tude of the oscillation of deﬂection v1ðxÞ.
The potential energy of this simple macroscopic model is given
by (see Damil and Potier-Ferry, 2010)
Pðu0;v1Þ ¼
Z L
0
ES
2
u00 þ v 021 þ q2v21
 2 þ EI 6q2v 021 þ q4v21 

þ cv21 þ
3c3
2
v41  f0u0

dx: ð5Þ
The differential equations of the system follow from the stationarity
of the potential energy dP ¼ 0, which leads to
dn0
dx þ f0 ¼ 0; ðaÞ
n0 ¼ ESðu00 þ v 021 þ q2v21Þ; ðbÞ
 ddx ð6EIq2 þ n0Þ dv1dx
h i
þ EIq4 þ n0q2 þ c
 
v1 þ 3c3v31 ¼ 0: ðcÞ
8>><
>:
ð6Þ
The macroscopic model couples the 1D membrane Eqs. (6-a)
and (6-b) with a second order differential Eq. (6-c) for the envelope
v1ðxÞ, which is a sort of Ginzburg–Landau equation. In this paper,
we only consider the simplest case of a real v1ðxÞ, which has the
drawback of ﬁxing the phase in the bulk. A complete study of the
model with a complex v1ðxÞ can be found in Mhada et al. (2012),
where better accuracy in the boundary layer has been established.
One may wonder why the fourth order derivatives of v1 have been
dropped. It was theoretically and numerically established in Damil
and Potier-Ferry (2010), §5.1, that these high order derivatives can
lead to spurious oscillations and lack of convergence for ﬁne
meshes. In fact, this is consistent with the basic assumption of a
slowly varying envelope d=dx  q. On the contrary, one can
consider removing all the derivatives in Eq. (6-c), but the discus-
sion in previous papers showed that the resulting model is very
poor and not consistent with the asymptotic Ginzburg–Landau
approach.2.4. Effective range of macroscopic models
The assumption of slowly varying amplitudes is the main
restriction for application of envelope models. In other words,
the length scales of the oscillations and of the envelope must be
clearly distinguished. This limitation holds for the present Fourier
approach as well as for the asymptotic one (Damil and Potier-Ferry,
2010). A known example is the localization of buckling patterns
arising from long domains and softening nonlinearity (c3 < 0).
For instance, in Hunt et al. (1989), Fig. 8 demonstrates that the
assumption is only valid very close to the bifurcation point. In
other words, such localized behavior cannot be represented by
slowly varying amplitude. In the same way, any envelope model
is not able to perfectly account for boundary effects. That is the
reason why we propose a double scale analysis, where the macro-
scopic model is considered in the bulk while the ﬁne model is used
near the boundary.
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variable coefﬁcients
The next problem studied in this paper is the coupling between
the macroscopic model (6) and the microscopic model (1). Accord-
ing to the Arlequin framework, a bilinear form has to be deﬁned
and this will be done in the following sections. In this part, we
deﬁne and analyze transition operators between the full model
and the reduced one.
3.1. Prolongation and reduction operators
Let us discuss the possible manners of connecting the ﬁne and
reduced models. Firstly, let us consider the transition from the
envelopes UjðxÞ to the full model UjðxÞ ! UðxÞ
 
. It has been previ-
ously introduced (see Hu et al., 2011):
PðUjÞ ¼ UðxÞ ¼
Xþ1
j¼1
UjðxÞejiqx: ð7Þ
With the simpliﬁcation in Section 2.3, the unknowns are reduced to
the mean membrane displacement u0ðxÞ and to the ﬁrst envelope of
the deﬂection v1ðxÞ. Consequently, the Eq. (7) can be simpliﬁed as
Pðu0;v1Þ ¼
uðxÞ
vðxÞ
	 

¼ u0ðxÞ
2v1ðxÞ cosðqxþuÞ
	 

: ð8Þ
Conversely, according to the assumption of slowly varying
envelope over a period x pq ; xþ pq
h i
, the macroscopic unknowns
can be deduced from microscopic ones by the classic formula of
Fourier series:
UjðxÞ ¼ q2p
Z p
q
pq
Uðxþ yÞejiqðxþyÞdy: ð9Þ
Therefore, considering the simpliﬁed theory in Section 2.3, the
reduction operator reads
Rðu; vÞ ¼
u0ðxÞ
vR1ðxÞ
v I1ðxÞ
8><
>:
9>=
>; ¼ q2p
Z p
q
pq
uðxþ yÞ
vðxþ yÞ cos½qðxþ yÞ
vðxþ yÞ sin½qðxþ yÞ
8><
>:
9>=
>;dy:
ð10Þ3.2. Numerical analysis of the reduction procedure
3.2.1. Theoretical remarks
Before presenting a bridging technique, we ﬁrst examine the
meaning of the reduction procedure in Eqs. (9) and (10). This is
performed through the analysis of a numerical solution of the
microscopic model (1). For a periodic function UðxÞ, the Fourier
coefﬁcients are given by Eq. (9). In what follows, we compute the
real part URj and imaginary part U
I
j as follows:
URj ðxÞ ¼
q
2p
Z p
q
pq
Uðxþ yÞ cos jqðxþ yÞ½ dy; ð11ÞFig. 3. Schematic of the reductionUIjðxÞ ¼ 
q
2p
Z p
q
pq
Uðxþ yÞ sin jqðxþ yÞ½ dy: ð12Þ
From the mathematical standpoint, it is straightforward to
obtain all the envelopes through Eq. (9). The reduction of transver-
sal displacement and longitudinal displacement is conducted by
considering ﬁve envelopes j ¼ 0; j ¼ 1 and j ¼ 2, respectively.
We consider a beam with length L ¼ 30p; ES ¼ 1; EI ¼ 1; c ¼ 1
and c3 ¼ 1=3. We choose the instability wave number q ¼ 1. The
beam is subjected to an increasing global end shortening
uðLÞ ¼ lL and the body force is f0 ¼ 0. The whole beam is divided
into 120 cubic elements, which means that the element length is
le ¼ p=4.
Theoretically, to implement this nonlocal reduction, we can
choose any point x in Eq. (11) and Eq. (12) as the center to carry
out the integral over the period x pq ; xþ pq
h i
except the boundary
regions 0; pq
h i
and L pq ; L
h i
. For simplicity, we choose each node of
the microscopic mesh as the center of these integrals. Therefore,
for each reduction point, the integral domain covers eight elements
over the whole period as shown in Fig. 3. The discretization of this
nonlocal reduction can be written as
URj ðxiÞ ¼
q
2p
Z xiþpq
xipq
UðxÞ cos jqxð Þdx
 q
2p
le
2
X
xn2gp
UðxnÞ cosðjqxnÞ; ð13Þ
UIjðxiÞ ¼ 
q
2p
Z xiþpq
xipq
UðxÞ sin jqxð Þdx
  q
2p
le
2
X
xn2gp
UðxnÞ sinðjqxnÞ; ð14Þ
where xi are the nodes of the mesh and xn 2 gp represent the
corresponding Gauss points within the integration domain
IðxiÞ ¼ xi  pq ; xi þ pq
h i
.
Note that the above equations should be limited to functions
that are exactly periodic with a period 2p=q. But in general, it is
not possible to precisely predict the period of solutions of nonlin-
ear equations that changes with their amplitudes. Let us consider
for instance a harmonic function with a wave number Q that is
close but a little different from the a priori given wave number q:
vðxÞ ¼ eiðQxþuÞ þ eiðQxþuÞ; Q  q; Q – q: ð15Þ
From Eqs. (13) and (14), the ﬁrst order Fourier coefﬁcient can be
written as
v1ðxÞ ¼ q2p e
iu
Z p
q
pq
eiðQqÞðxþyÞ|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
Slowly variable
dyþ eiu
Z p
q
pq
eiðQþqÞðxþyÞ|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
Oscillating
dy
0
@
1
A: ð16Þ
Therefore, the Fourier coefﬁcients involve a slowly varying part and
a rapidly varying one, this second part being disregarded by thefrom the microscopic model.
Fig. 4. Buckling of a simply supported beam under uniform compression: one real envelope (v0) and four complex envelopes (vR1; v I1; vR2; v I2). The reduction is performed over
the domain ½p;29p. The instability pattern for l ¼ 2:21.
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small when the two wave numbers are close to each other.
3.2.2. Numerical tests for a simply supported beam
In order to analyze the practical accuracy of the reduction for-
mulae (13) and (14), ﬁrstly, we have computed the response of
the microscopic model (1) with simply supported boundary condi-
tions: vð0Þ ¼ v 00ð0Þ ¼ 0;vðLÞ ¼ v 00ðLÞ ¼ 0. Then the reduction terms(13) and (14) are calculated when l ¼ 2:21 for the orders
j ¼ 0; j ¼ 1 and j ¼ 2, respectively. Their spatial distribution is plot-
ted in Fig. 4. It is found that only the imaginary part of the ﬁrst
order envelope v I1 is not small, the ratios jvR1=v I1j and jv0=v I1j being
of the order of 103 or 104. The second order amplitudes vR2 and v I2
even have a lower level than v0. In other words, the response of
vðxÞ is approximately 0.3166 sin x and the complementary contri-
butions are relatively small. This means that the effective wave
Fig. 5. Buckling of a clamped beam under uniform compression: one real envelope (v0) and four complex envelopes (vR1;v I1;vR2;v I2). The reduction is performed over the
domain ½p;29p. The instability pattern for l ¼ 2:21.
3124 F. Xu et al. / International Journal of Solids and Structures 51 (2014) 3119–3134number Q for l ¼ 2:21 corresponds precisely to the predicted
quantity q ¼ 1. We have checked that the wave number is also
Q ¼ 1 for any l in the interval ½2; 2:21.
3.2.3. Numerical tests for a clamped beam
With clamped boundary conditions: vð0Þ ¼ v 0ð0Þ ¼ 0;vðLÞ ¼
v 0ðLÞ ¼ 0, it is known that the effectivewave numberQ is not exactly
the one predicted by the linear theory (Mhada et al., 2012). To verify
this, we have computed the solution of the nonlinear problem (1) bythe classic Newton–Raphsonmethod and the correspondingmacro-
scopic quantities v0;vR1;v I1;vR2 and v I2 within the zone ½p;29p. From
Fig. 5, we can observe that the ﬁrst envelope jv1j is bigger than the
other three ones, but the ratio is larger than in the simply supported
case and is approximately 101. According to Eq. (16), this shows
that the effective wave number is not exactly the expected value
q ¼ 1. Moreover, the envelopes obtained by Eq. (13) and Eq. (14)
are not precisely slowly variable and a rapidly varying part is
observed as indicated in the oscillating part of Eq. (16).
0 10 20 30 40 50 60 70 80 90
−1.5
−1
−0.5
0
0.5
1
1.5
Microscopic model
Reconstruction by reduced Fourier coefficients
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I
1 are illustrated in
Fig. 6. As expected, the zero order term u0 is larger and is almost
linear, but there are also oscillating parts uR1 and u
I
1 with a ratio
juR1=u0j  Oð102Þ and juI1=u0j  Oð102Þ, respectively.
Next, we have rebuilt the microscopic deﬂection vðxÞ ¼ Pðv iÞ
from ﬁve envelopes (j ¼ 0; j ¼ 1 and j ¼ 2) by Eq. (4) and we
ﬁnd that this reconstruction well describes the exact value as
shown in Fig. 7. The same reconstruction is demonstrated in
Fig. 8 and this leads to the expected nearly linear response uðxÞ.
However, uðxÞ is not perfectly linear and its derivative u0ðxÞ ﬂuctu-
ates around 2:22 as shown in Fig. 9. This can be explained
through the constitutive Eq. (1-b). Since there is no horizontal force
f ¼ 0, the normal force is constant nðxÞ ¼ l. The transversal dis-
placement vðxÞ being in a wave form, the deformation u0ðxÞ is in
a wave form as well.Fig. 7. Buckling of a clamped beam under uniform compression. The instability
pattern for l ¼ 2:21. The reconstruction by all the reduced Fourier coefﬁcients
(v0;vR1;v I1;vR2 and v I2) is compared with the exact solution vðxÞ.3.3. Comments
By considering the exact solution of the full problem, we have
established that the macroscopic quantities deﬁned by the reduc-
tion formulae (13) and (14) are not exactly slowly variable. They
also account for an oscillating part that is small only if the effective
wave number Q is very close to the a priori chosen wave number q.
In the next sections, we will introduce a coupling between the two
scales that is based on the reduction operator (10). A bridging tech-
nique based on the formulae (13) and (14) will be presented andFig. 6. Buckling of a clamped beam under uniform compression: one real envelope (u0)
½p;29p. The instability pattern for l ¼ 2:21.evaluated. To smooth these oscillations, an L2-type coupling oper-
ator will be used.
4. Bridging technique and discretization
In this section, the microscopic model (1) and (3) is imple-
mented in a small region close to the boundary, which allows forand two complex envelopes (uR1;u
I
1). The reduction is performed over the domain
0 10 20 30 40 50 60 70 80 90
−250
−200
−150
−100
−50
0
Microscopic model
Reconstruction by reduced Fourier coefficients
Fig. 8. Buckling of a clamped beam under uniform compression. The instability
pattern for l ¼ 2:21. The reconstruction by all the reduced Fourier coefﬁcients
(u0;uR1;u
I
1;u
R
2 and u
I
2) is compared with the exact solution uðxÞ.
0 10 20 30 40 50 60 70 80 90
−2.35
−2.3
−2.25
−2.2
−2.15
−2.1
u
Fig. 9. Buckling of a clamped beam under uniform compression: derivatives of the
curve in Fig. 8. The instability pattern for l ¼ 2:21.
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The simplest envelope model (5) and (6) will be applied in the
bulk. These two types of models can be bridged by the Arlequin
method (Ben Dhia, 1998, 2006, 2008; Ben Dhia and Rateau,
2005). According to the Arlequin framework, these two mechanical
ﬁelds are matched in a weak sense inside the gluing zone and the
potential energy is distributed between these two models.
4.1. Arlequin method in the context of prolongation or reduction
coupling
The domain of the whole mechanical system is partitioned into
two overlapping sub-zones: Xf (microscopic ﬁne model domain)
and Xr (macroscopic reduced model domain). The resulting super-
position zone S ¼ Xf \Xr contains the gluing zone SgðSg # SÞ (seeFig. 10. Deﬁnition of domains iFig. 10). Here the two zones S and Sg cannot coincide because of
the nonlocal character of the reduction operator.
4.1.1. Energy distribution
Setting uf ¼ uðxÞ;vðxÞ; x 2 Xf
 
and ur ¼ u0ðxÞ;v1ðxÞ; x 2 Xrf g,
the energy contribution of the two models for the potential energy
of the whole system deﬁned in Eq. (3) and Eq. (5) is as follows:
Pf ðuf Þ ¼
R
Xf
afWðuf Þ  bf fu
 
dX;
PrðurÞ ¼
R
Xr
arWðurÞ  brf0u0½ dX;
(
ð17Þ
where
Wðuf Þ ¼ ES2 ðu0 þ v
02
2 Þ
2 þ EI2 v 002 þ c2v2 þ c34 v4;
WðurÞ ¼ ES2 ðu00 þ v 021 þ q2v21Þ
2 þ EIð6q2v 021 þ q4v21Þ þ cv21 þ 3c32 v41:
8<
:
ð18Þ
In order to have consistent modeling of the energy in the over-
lapping domain, the energy associated to each domain is balanced
by weight functions which are represented by ai for the internal
work and bi for the external work. These weight functions are
assumed to be positive piecewise continuous in Xi and satisfy
the following equations:
af ¼ bf ¼ 1; in Xf n S;
ar ¼ br ¼ 1; in Xr n S;
af þ ar ¼ bf þ br ¼ 1; in S:
8><
>: ð19Þ
More details on selection of these functions can be found in Ben
Dhia and Rateau, 2005 and Bauman et al., 2008. In this paper, we
choose piecewise linear continuous weight functions in the overlap-
ping region S.
4.1.2. Coupling alternatives
The coupling technique implies a connection between the
microscopic model and the envelope model. According to the Arle-
quin framework, generally, coupling based on the coarse model is
preferred to avoid the locking phenomena. This requires deﬁning a
nonlocal reduction operator uf ! Rðuf Þ which involves the Fourier
transform. Conversely, the other way is to perform the inverse con-
nection by using a local prolongation operator ur ! PðurÞ, which
reproduces a compatible ﬁeld from ur to be coupled with uf (see
Section 3.1). Therefore, the coupling is conducted by requiring that
one of the two following conditions could be satisﬁed in a mean
sense:
Rðuf Þ  ur ¼ 0; 8x 2 Sg ; ð20Þ
uf PðurÞ ¼ 0; 8x 2 Sg : ð21Þ
The literature in terms of the Arlequin method recommends the
ﬁrst way (20) (Ben Dhia and Rateau, 2005; Ben Dhia, 2008;
Bauman et al., 2008). For simplicity, the prolongation method
(21) was studied in Hu et al., 2011. Here, we will test the reduction
approach (20) that should lead to a better coupling.n the Arlequin framework.
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The prolongation operator was deﬁned in Eq. (8). The reduced
model is based on strong simpliﬁcations and especially on the
assumption of a constant arbitrary phase. As in Liu et al. (2012),
we choose u ¼ p=2 in what follows, which leads to the following
form of the prolongation operator:
PðurÞ ¼
1 0
0 2 sinðqxÞ
 
u0
v1
	 

; 8x 2 Sg : ð22Þ
By introducing Lagrange multipliers k ¼ kuðxÞ; kvðxÞ; x 2 Sg
 
as a
ﬁctitious gluing force, the coupling Eq. (21) can be rewritten in a
weak form as
C k;uf PðurÞ
  ¼ 0; 8k 2 M; ð23Þ
where M is the mediator space. Eq. (23) could be considered as a
constraint in an optimization problem. The corresponding station-
ary function is given in a Lagrangian form as
Lðuf ;ur ; kÞ ¼ Pf ðuf Þ þ PrðurÞ þ C k;uf PðurÞ
 
: ð24Þ
From Eq. (24), three equations are obtained according to duf ; dur
and dk:
Pf ðduf Þ þ Cðk; duf Þ ¼ 0; 8duf 2 K:A:;
PrðdurÞ  C k;PðdurÞð Þ ¼ 0; 8dur 2 K:A:;
Cðdk;uf Þ  C dk;PðurÞð Þ ¼ 0; 8dk 2 M;
8><
>: ð25Þ
where K.A. stands for kinematically admissible. Finally, the coupling
operator C is deﬁned as follows:
Cðk;uÞ ¼
Z
Sg
k  uþ ‘2eðkÞ : eðuÞ dX: ð26Þ
It is an H1-type coupling operator. When ‘ ¼ 0, it becomes an
L2-type coupling operator. The choice of the length has been
discussed in the literature (Ben Dhia and Rateau, 2005; Guidault
and Belytschko, 2007; Bauman et al., 2008; Hu et al., 2009) and
the difﬁculties of L2 coupling have been pointed out. This point will
be re-discussed in Section 5.3.
4.1.4. Reduction-based coupling approach
In Section 3.2.3, it was shown that the longitudinal displace-
ment can be adequately described by a single envelope u0 since
it is almost linear. Moreover, the two longitudinal displacements
coincide (see Eq. (22) and Eq. (28) below) so that their bridging
procedure (23) and (27) is identical.
In the transversal direction, the reduction operator is the ﬁrst
order Fourier coefﬁcient that has a nonlocal character (see Eq.
(10)). For simplicity, Cðk;uÞ will be the L2-type scalar product.
The reduction operator has been deﬁned in Eq. (10). With
u ¼ p=2, the weak form of coupling formula (20) reads
C k;Rðuf Þ  ur
  ¼ 0; 8k 2 M; ð27Þ
where
Rðuf Þ ¼
RuðxÞ
RvðxÞ
	 

¼
uðxÞ
q
2p
R p
q
pq vðxþ yÞ sin qðxþ yÞ½ dy
( )
: ð28Þ
The corresponding stationary function is also in a Lagrangian form:
Lðuf ;ur ; kÞ ¼ Pf ðuf Þ þ PrðurÞ þ C k;Rðuf Þ  ur
 
: ð29Þ
From Eq. (29), one can obtain three equations according to duf ; dur
and dk:
Pf ðduf Þ þ Cðk;Rðduf ÞÞ ¼ 0; 8duf 2 K:A:;
PrðdurÞ  C k; durð Þ ¼ 0; 8dur 2 K:A:;
Cðdk;Rðuf ÞÞ  C dk;urð Þ ¼ 0; 8dk 2 M:
8><
>: ð30Þ4.1.5. Comments
In works of Ben Dhia and Rateau (2005), Ben Dhia (2006, 2008),
it was established that it is better to discretize the coupling equa-
tion in a coarse manner (choice of the discrete mediator space M).
In this paper, we will further discuss whether the coupling equa-
tion has to be deﬁned at a ﬁne level (21) and (23) or at a coarse
level (20) and (27).
4.2. Discretization
The chosen discretization of the microscopic model (1) is very
classical with linear interpolation for the axial displacement and
cubic Hermite interpolation for the deﬂection. C0 elements can
be chosen since the reduced energy (5) involves only the ﬁrst
derivatives. As in Hu et al., 2011 and Damil and Potier-Ferry,
2010, we use 3-node quadratic elements. The discretization of
the coupling operators is presented with more details.
4.2.1. Discretization of the prolongation coupling
The ﬁnite element method is applied to solve Eq. (25). The dis-
cretization of unknowns is as follows:
uf ¼
u
v
	 
e
¼ N
f
u
N fv
" #
Q f
 e
; ð31Þ
ur ¼
u0
v1
	 
e
¼ N
r
u
Nrv
" #
Q rf ge; ð32Þ
k ¼ ku
kv
	 
e
¼ N
r
u
Nrv
" #
Q kf ge; ð33Þ
where Q f
 e
; Q rf ge and Q kf ge are the elementary nodal unknowns
of uf ;ur and k, respectively. The shape functions N
f
u and N
f
v are,
respectively, described by Lagrange and Hermite interpolating
polynomials. To avoid locking the microscopic behavior to the
macroscopic behavior in the coupling zone, the discretization of k
should be conducted as ur (see more details in Ben Dhia and
Rateau, 2005).
Finally, one can obtain the global discrete system in the generic
form of a mixed problem:
Rf ðQ f Þ
 þ Cf t Q kf g ¼ 0;
RrðQ rÞ½   Cr½ t Q kf g ¼ 0;
Cf
 
Q f
  Cr½  Q rf g ¼ 0;
8><
>: ð34Þ
where the residuals Rf ðQ f Þ and RrðQ rÞ are detailed in Appendix C.
The coupling matrix Cf and Cr are assembled from the elementary
matrices that have the following forms:
Cef ¼
Z
Xe
Nru
Nrv
" #
N fu
N fv
" #t
þ ‘2 N
r0
u
Nr
0
v
" #
N f
0
u
N f
0
v
" #t !
dX; ð35Þ
Cer ¼
Z
Xe
Nru
Nrv
" #
Nru
2Nrv sinðqxÞ
" #t
þ ‘2 N
r0
u
Nr
0
v
" #
Nr
0
u
2Nr
0
v sinðqxÞþ2qNrv cosðqxÞ
" #t !
dX;
ð36Þ
in which Xe represents the elementary integration domain.
The resulting nonlinear system (34) is solved using the classic
Newton–Raphson method.
4.2.2. Discretization of the reduction-based coupling
The discretization of unknowns uf ;ur and k is the same as in
Section 4.2.1. In addition, the global discrete system (34) has the
same form as those in the prolongation coupling but with a com-
pletely different coupling matrix Cf due to the nonlocal character
of the coupling operator.
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Cðk;Rðuf ÞÞ that follows from two integrations. The bilinear form
Cð; Þ is an integral in the macroscopic domain split into macro-
scopic elements E, each of them being associated with their Gauss
points (GPðEÞ) in Sg . This ﬁrst integral is quite classical with ﬁnite
element method. The reduction operator RðÞ is an integral in the
interval IðxiÞ ¼ xi  pq ; xi þ pq
h i
in the microscopic domain that is
split into small elements e, each of them being associated with
its Gauss points (gpðeÞ). Classically, these Gauss points are deﬁned
in a reference interval 1;1½ . The bilinear form is discretized in a
quite classical way:
Cðk;Rðuf ÞÞ¼
X
E
LE
2
X
xi2GPðEÞ
hQ kuiEfNruðxiÞghN fui Q fu
n oe
þhQ kv iEfNrv ðxiÞgRv ðxiÞ
 
;
ð37Þ
where LE is the length of the macroscopic elements. Note that two
Gauss points on each macroscopic element can fully meet the accu-
racy requirements in this case (see Fig. 11). The reduction operator
RvðxiÞ in Eq. (28) is detailed from the following classical integration
formula:
RvðxiÞ ¼ q2p
Z xiþpq
xipq
vðxÞ sinðqxÞdx
 q
2p
X
e
lðeÞ
2
X
xj2gpðeÞ
vðxjÞ sinðqxjÞ
¼ q
2p
X
e
lðeÞ
2
X
xj2gpðeÞ
sinðqxjÞhNfvðxjÞi Q fv
n oe
; ð38Þ
where the length of the interval lðeÞ is the intersection of the micro-
scopic element with the integral region IðxiÞ ¼ xi  pq ; xi þ pq
h i
. It
does not necessarily coincide with the interval of interpolation
(see Fig. 11).
The coupling matrix Cr can be assembled from the elementary
matrices as
Cer ¼
Z
Xe
Nru
Nrv
" #
Nru
Nrv
" #t !
dX: ð39Þ
The nonlinear system is solved using the classic Newton–
Raphson method.
5. Numerical evaluation and assessment
5.1. Prolongation versus reduction-based coupling
Two coupling approaches are compared and evaluated. The
numerical assessment is based on the results obtained on a beam
resting on a nonlinear elastic foundation conﬁguration. The
clamped beam has the same parameters as reported in Section 3.2.
The models are deﬁned asFig. 11. How the reduced Fourier coefﬁcient Rv ðxiÞ depends1. Microscopic model: 120 microscopic elements for the whole
beam ½0; 30p.
2. Macroscopic model: 15 macroscopic elements for the whole
beam ½0; 30p with a wave number q ¼ 1.
3. Prolongation coupling: 24 microscopic elements on the domain
½0; 6p, 12 macroscopic elements on the domain ½6p; 30p, the
coupling zone is deﬁned as the superposition zone ðSg ¼ SÞ on
the domain ½5p; 6p, where 2 macroscopic elements are bridged
with 4 microscopic elements.
4. Reduction-based coupling: 32 microscopic elements on the
domain ½0; 8p, 12 macroscopic elements on the domain
½6p; 30p, the superposition zone S is on the domain ½5p; 8p
while the coupling zone Sg is the domain ½5p; 6p discretized
by 2 macroscopic elements and 4 microscopic elements.
The boundary conditions for the microscopic model are those of a
classical clamping: vð0Þ ¼ v 0ð0Þ ¼ 0;vðLÞ ¼ v 0ðLÞ ¼ 0;uð0Þ ¼ 0;uðLÞ
¼ lL. The same boundary conditions have been applied for the
bridging techniques (prolongation coupling and reduction-based
coupling) at x ¼ 0. As for the macroscopic model, it is known that
at a clamped end, the envelope satisﬁes nearly v1ð0Þ ¼ v1ðLÞ ¼ 0.
To be clear, only the left half part of the beam ½0;15p will be pre-
sented in the following ﬁgures, but the computations have been
performed on the whole domain ½0;30p.
The nonlinear problems have been solved by the Newton–
Raphson procedure. Small step lengths have to be chosen in the
region of the bifurcation l  2. To ensure a transition from the fun-
damental branch to the bifurcated one, a transverse perturbation
force gpert is applied. The values of the perturbation force are given
as gpert ¼ 2 103 for the microscopic model, gpert ¼ 3 105 for
the macroscopic model and gpert ¼ 2 103 for the bridging
models.
The numerical response of the structure is a spatial oscillation
with a modulation near the end (see Fig. 12 and Fig. 13). Close to
the bifurcation point l ¼ 2:01, the envelope is nearly sinusoidal
and it looks like a hyperbolic tangent away from the bifurcation,
which can be explained via the Ginzburg–Landau equation
(Wesfreid and Zaleski, 1984; Damil and Potier-Ferry, 1986). In
what follows, we distinguish the bulk behavior and the boundary
behavior, respectively in the regions ½3p;15p and ½0;3p. The
post-buckling amplitude in the bulk is correctly captured by all
the models, especially the macroscopic model (see Fig. 14). Indeed,
the boundary conditions have little inﬂuence on the macroscopical
amplitude in the bulk. In the same way, all the models correctly
predict the bifurcation point l  2. Near the boundary, the macro-
scopic model and prolongation coupling lead to divergent results.
Only the reduction-based coupling is able to reproduce the predic-
tion of the reference model (see Fig. 15). The details of the response
near the boundary are illustrated in Fig. 18 for l ¼ 2:21. One can
observe the coincidence between the reduction-based coupling
and the reference model. As for the macroscopic model and
prolongation coupling, the post-buckling instability pattern ison the global microscopic transversal displacement Qfv .
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Fig. 12. Buckling of a clamped beam under uniform compression: spatial distribu-
tion of the instability patterns for l ¼ 2:01. Only the left half part of the beam is
demonstrated.
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Fig. 13. Buckling of a clamped beam under uniform compression: spatial distribu-
tion of the instability patterns for l ¼ 2:21. Only the left half part of the beam is
demonstrated.
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Fig. 14. Buckling of a clamped beam under uniform compression: maximal
deﬂection in ½3p;15p vs. applied shortening l. The prolongation coupling and
reduction-based coupling are depicted together.
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Fig. 15. Buckling of a clamped beam under uniform compression: maximal
deﬂection in ½0;3p vs. applied shortening l. The prolongation coupling and
reduction-based coupling are depicted together.
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Fig. 16. The prolongation coupling approach is implemented in the bridging
technique. Buckling of a clamped beam under uniform compression: spatial
distribution of the instability patterns for l ¼ 2:01 and l ¼ 2:21. Only the left half
part of the beam is demonstrated.
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phase shift.
It is well-known that the coupling matrices have to be deﬁned
on the coarse level to avoid locking phenomena. In Ben Dhia andRateau, 2005, this coarse character is related to the discretization
of the Lagrange multipliers k. In the present case, the coupling
matrices Cef and C
e
r depend on the discretized mediator space, but
there is also another alternative: to connect the Fourier coefﬁcients
(reduction-based coupling) or the functions of the ﬁne model (pro-
longation coupling). Our results clearly establish that the coupling
procedure has to be done in the coarse space, i.e. in the space of
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Fig. 18. The left boundary region: spatial distribution of the instability patterns for
l ¼ 2:21. The prolongation coupling and reduction-based coupling are depicted
together.
0
0.5
1
1.5
Reference model
Reduction−based coupling (micro part)
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v f ðxÞ and v rðxÞ in the gluing zone for the prolongation coupling
(see Fig. 16), one can observe that the two functions coincide
(v f ðxÞ ¼ v rðxÞ in Sg) and this locking phenomenon causes undesir-
able behavior in the boundary region (see Fig. 18). On the contrary,
as for the reduction-based coupling (see Fig. 17), v f ðxÞ and v rðxÞ are
not identical in the gluing zone, which leads to an accurate predic-
tion in the boundary region (see Fig. 18).
5.2. About convergence
The deﬁnition of the numerical model depends on the three
meshes (micro, macro and bridging), the reduced model and the
location of gluing zone. The choice of meshes follows the same
rules as with ﬁnite element technique and it is not re-discussed
here. The deﬁnition of the reduced model induces some limits to
the accuracy that can be expected in the macroscopic domain Xr .
With the choice made in this paper, one can get a good prediction
of the amplitude of wrinkling patterns in this zone, but not their
phase. This limitation clearly appears in Figs. 16 and 17 and cannot
be improved within this reduced model. Thus, we focus on the
inﬂuence of the gluing zone or, equivalently, on the size of the
microscopic domain Xf . In Figs. 19 and 20, the Arlequin solution
is compared with the reference solution in the cases of gluing
zones in ½3p;4p and ½8p;9p, respectively. In the ﬁrst case with
a small Xf , the Arlequin solution is valid in almost all this interval
Xf ¼ ½0;3p. This is already a good result that was not found with
the prolongation coupling, compared with Fig. 18. If one extends
the microscopic domain Xf up to ½0;8p, the Arlequin solution0 5 10 15 20 25 30 35 40 45
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Fig. 17. The reduction-based coupling approach is implemented in the bridging
technique. Buckling of a clamped beam under uniform compression: spatial
distribution of the instability patterns for l ¼ 2:01 and l ¼ 2:21. Only the left half
part of the beam is demonstrated.
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Fig. 19. Spatial distribution of the instability patterns with the coupling zone in
½3p;4p.
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Fig. 20. Spatial distribution of the instability patterns with the coupling zone in
½8p;9p.becomes accurate both in microscopic and gluing zones, which is
the best accuracy to be expected with this reduced model.
5.3. H1 versus L2 coupling
The choice of the coupling bilinear form is a basic question
within Arlequin method. The problems involved by L2 coupling
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Fig. 21. Deﬂection according to H1 and L2 couplings in the interval ½0;5p for
l ¼ 2:21.
−0.005
0
0.005
0.01
0.015
0.02
0.025
0.03
H1 coupling
L2 coupling
Fig. 22. Effect of H1 and L2 couplings in the gluing zone. The relative difference of
displacement is plotted.
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Fig. 23. Effect of H1 and L2 couplings on normal forces.
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Fig. 24. Lagrange multiplier within H1 and L2 couplings.
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converges to a distribution and not to a function, for 1D elasticity
with different meshes (Ben Dhia and Rateau, 2005) and for atom-
istic-continuum coupling (Bauman et al., 2008). We come back to
this discussion in the present case of a coupling between nonlinear
beam and envelope model in the case of the prolongation coupling.
The same clamped beam as in Section 5.1 is considered.In Fig. 21, we have plotted the transversal displacement in the
zone of the microscopic model on the left. It should be compared
with Fig. 18 where the prolongation and reduction-based couplings
were evaluated. The difference is rather weak, about few percents,
while a signiﬁcant difference was observed between the prolonga-
tion and reduction-based couplings. Nevertheless, this does not
mean that H1 and L2 couplings are equivalent. In Fig. 22, one eval-
uates the difference between the two displacements v f and vr in
the cases of H1 and L2 couplings and one observes that this differ-
ence is much smaller with H1 coupling. In the next Fig. 23, the spa-
tial evolution of normal force nðxÞ is depicted, as well as the
macroscopic stress n0ðxÞ that is the mean value of nðxÞ. In this case,
these two quantities should be constant because of Eq. (1-a) and
Eq. (6-a). One observes rather strong oscillations in the coupling
zone that are much severer in the L2 case (about 4:2%) than in
the H1 case (about 1.6%). Nevertheless, these oscillations have little
inﬂuence out of the gluing zone. Note that small oscillations
existing in the microscopic zone on the left are due to membrane
locking in ﬁnite element approximation. Finally, we present in
Fig. 24 the variations of Lagrange multipliers in the two coupling
cases. Localized forces are observed near the end of the gluing
zone, which was expected by comparison with previous results;
see for instance Ben Dhia and Rateau, 2005; Bauman et al., 2008;
Chamoin et al., 2010. In the latter paper, the origin of these
so-called ‘‘ghost forces’’ was carefully analyzed, and some correc-
tions were proposed with an appropriate choice of weights and
especially by introducing interaction forces between coarse and
ﬁne model.
Hence, there are differences between H1 and L2 couplings in the
present case of bridging between a macroscopic and a microscopic
model, which is very sensitive in the gluing zone. However, the
coupling can be achieved at the micro or macro level. In the studied
case, the best way is to couple in the macroscopic domain and this
point is at least as important as the choice of the bilinear form,
which is clearly shown in Figs. 18 and 22.
6. Conclusion
In this paper, we have discussed how to connect a ﬁne and a
coarse model within the Arlequin framework. A typical cellular
instability problem has been accurately analyzed, in which the
coarse model is deﬁned by envelope equations of Ginzburg–
Landau type.
An Arlequin-problem involves a coupling operator and two
models to be connected. The efﬁciency of the numerical technique
depends on all three, but the coupling model has to be sufﬁciently
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the case of envelope equations discussed here, the reduction
operator leads to spurious oscillations in the Fourier coefﬁcients
that have been smoothed by the coupling operator. The presented
reduction-based coupling has permitted us to accurately describe
the response of the system near the boundary, even with a rather
coarse reduced model.
The Arlequin method has been applied in a multi-scale frame-
work, which has required to accurately deﬁne the transfer opera-
tors between the two levels, i.e. a prolongation operator from the
coarse to the ﬁne level and a reduction operator in the opposite
sense. These two operators play a crucial role in the coupling tech-
nique, as well as the mediator bilinear form and its discretization.
In the studied case, it is clearly better to use the reduction operator
for a coupling at the coarse level rather than the prolongation oper-
ator for a coupling at the ﬁne level. It will be interesting to discuss
this question with other multi-scale models like those obtained in
computational homogenization. It will be also interesting to apply
a similar bridging technique for the coupling between full shell
models and 2D envelope equations as introduced in Damil et al.
(2013). Clearly, the bilinear form should be of H1-type as in the
nonlocal coupling introduced in Prudhomme et al. (2012) and
the coupling has to be performed in the space of Fourier coefﬁ-
cients as established in the present paper.
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Appendix A. General methodology to obtain the macroscopic
models
Within the Fourier approach, the differential equations satisﬁed
by the amplitudes Uj ¼ ðuj;v j;njÞ are deduced from the micro-
scopic model simply by identifying the Fourier coefﬁcients in each
equation. The amplitudes UjðxÞ are assumed to be constant over a
period x; xþ 2pq
h i
(see Damil and Potier-Ferry, 2006, 2008, 2010).
However, the derivative operators are calculated exactly, according
to the following rules:
da
dx
 
j
¼ ða0Þj ¼
d
dx
þ jiq
 
aj ¼ ðajÞ0 þ jiqaj; ð40Þ
d2a
dx2
 !
j
¼ ða00Þj ¼
d
dx
þ jiq
 2
aj ¼ ðajÞ00 þ 2jiqðajÞ0  j2q2aj; ð41Þ
where aðxÞ is a Fourier series with slowly varying coefﬁcients as in
Eq. (4).
The other rules follow from Parseval identity and from the
assumption of slowly varying coefﬁcients:Z L
0
aðxÞbðxÞdx ¼
Z L
0
Xþ1
j¼1
ajðxÞbjðxÞdx; ð42Þ
abð Þj ¼
Xþ1
j1¼1
aj1bjj1 ; ð43Þwhere bðxÞ is also a Fourier series with slowly varying coefﬁcients.
The membrane constitutive law (1-b) leads to the following
macroscopic constitutive law:
nj
ES
¼ cj¼
d
dx
þ jiq
 
ujþ12
Xþ1
j1¼1
d
dx
þ j1iq
 
v j1
d
dx
þ j j1ð Þiq
 
v jj1 :
ð44Þ
Hence, in the case of two real envelopes, U0 ¼ ðu0;v0;n0Þ 2 R and
U1 ¼ ðu1; v1;n1Þ 2 R, the macroscopic constitutive law for the mem-
brane stress n0 becomes
n0
ES
¼ c0 ¼
du0
dx
þ 1
2
dv0
dx
 2
þ dv1
dx
 2
þ q2v21: ð45Þ
Remark that the two last terms are always positive and correspond
to an increase of tensile strain or to a decrease of the compressive
strain. Therefore, this macroscopic law is able to account for the
membrane stress decrease due to local wrinkling, particularly via
the last term of Eq. (45).
The procedure to deduce a ﬁnite number of envelope equations
is straightforward in the case of a simple nonlinear system as
Eq. (1) (see Damil and Potier-Ferry, 2006, 2008, 2010). Theoretically,
the number of terms in the Fourier series can be very large (see
Eq. (44)), but in practice, it is convenient to limit the number of
harmonics. For instance, in Damil and Potier-Ferry (2010), a macro-
scopic model involving ﬁve harmonics has been presented corre-
sponding to wave numbers 0;q;2q. The corresponding
potential energy has the following form:
Pðu0;u1;u2;v0; v1;v2Þ ¼
Z L
0
ES
2
c20 þ 2jc1j2 þ 2jc2j2
 
þ EI
2
k20 þ 2jk1j2 þ 2jk2j2
 
dx
Z L
0
f0u0dx
þ
Z L
0
c
2
v20 þ 2jv1j2 þ 2jv2j2
 
dx
þ
Z L
0
c3
4
v20 þ 2jv1j2 þ 2jv2j2
 2
dx
þ
Z L
0
c3
4
8jv1j2jv2j2 þ 2jv2j4 þ 8jv0v1

þ v1v2j2 þ 2jv21 þ 2v0v2j2

dx; ð46Þ
in which
c0 ¼ du0dx þ 12 dv0dx
 2
þ ddxþ iq
 
v1
 2 þ ddxþ 2iq v2 2;
c1 ¼ ddxþ iq
 
u1 þ ddx iq
 
v1 ddxþ 2iq
 
v2 þ dv0dx ddxþ iq
 
v1;
c2 ¼ ddxþ 2iq
 
u2 þ dv0dx ddxþ 2iq
 
v2 þ 12 ddxþ iq
 
v1
 2
;
k0 ¼ d
2v0
dx2
; k1 ¼ ddxþ iq
 2v1; k2 ¼ ddxþ 2iq 2v2:
8>>>><
>>>>:
ð47Þ
The model (46) includes ﬁve envelopes, but it may be unnecessarily
intricate. In this context, further simpliﬁcations are introduced in
the potential energy (46).
Appendix B. A macroscopic model with one real and one
complex envelope
Additional simpliﬁcations would be introduced in the potential
energy (46). Firstly, we consider only three harmonics 0;q, with
one real envelope U0ðxÞ ¼ ðu0;v0; n0Þ and one complex enve-
lope U1ðxÞ ¼ ðu1;v1;n1Þ, or equivalently three real envelopes
U0ðxÞ;UR1ðxÞ;UI1ðxÞ. The second restriction concerns the body axial
force that does not ﬂuctuate on the basic cell: f ðxÞ ¼ f0ðxÞ, which
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makes it possible to drop the unknown u1ðxÞ. In this case, the
potential energy depends on the mean ﬁeld u0ðxÞ;v0ðxÞð Þ and the
envelope of the deﬂexion v1ðxÞ:
Pðu0;v0; v1Þ ¼
Z L
0
ES
2
c20 þ
EI
2
k20 þ 2jk1j2
  
dx
Z L
0
f0u0dx
þ
Z L
0
c
2
v20 þ 2jv1j2
 
dx
þ
Z L
0
c3
4
v40 þ 12v20jv1j2 þ 6jv1j4
 
dx; ð48Þ
where
c0 ¼
du0
dx
þ 1
2
dv0
dx
 2
þ d
dx
þ iq
 
v1

2: ð49Þ
Since v1 is a complex valued function, the model (48) makes it pos-
sible to predict slow phase modulations. It is more accurate than
the macroscopic model used in the present paper. In Mhada et al.
(2012), it was proven that the account of a complex v1 improves
the solution near the boundary.
Appendix C. The residuals of the microscopic and macroscopic
model
Through variation of potential energy in Eq. (17), one obtains
Pf ðduf Þ¼
Z
Xf
dudu0dvdv 0dv 00h i af
0
ESðu0 þv 02=2Þ
cvþ c3v3
ESv 0ðu0 þv 02=2Þ
EIv 00
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
bf
f
0
0
0
0
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
0
BBBBBBBB@
1
CCCCCCCCA
dX: ð50Þ
With Eq. (31), we deﬁne
du
du0
dv
dv 0
dv 00
8>>>><
>>>>:
9>>>>=
>>>>;
e
¼ ½Gf  dQ f
 
; Gf
  ¼
N fu
N f
0
u
Nfv
N f
0
v
N f
00
v
2
66666664
3
77777775
: ð51Þ
Therefore, the elementary residual Rf ðQ f Þ
 e can be written as
Rf ðQ f Þ
 e ¼ Z
Xe
Gf
 t af
0
ESðu0 þ v 02=2Þ
cv þ c3v3
ESv 0ðu0 þ v 02=2Þ
EIv 00
8>>><
>>>>:
9>>>=
>>>>;
 bf
f
0
0
0
0
8>>><
>>>>:
9>>>=
>>>>;
0
BBBBBB@
1
CCCCCCAdX:
ð52Þ
In the same way, one can also obtain RrðQ rÞ½ e as follows:
RrðQ rÞ½ e
¼
Z
Xe
Gr½ t ar
0
ESðu00þv 021 þq2v21Þ
2ESq2v1ðu00þv 021 þq2v21Þþ2EIq4v1þ2cv1þ6c3v31
2ESv 01ðu00þv 021 þq2v21Þþ12EIq2v 01
8>><
>>>:
9>>=
>>>;
0
BBBB@
br
f0
0
0
0
8>><
>>>:
9>>=
>>>;
1
CCCCAdX;
whereGr½  ¼
Nru
Nr
0
u
Nrv
Nr
0
v
2
66664
3
77775: ð53Þ
By assembling Rf ðQ f Þ
 e and RrðQ rÞ½ e, one achieves the residuals
Rf ðQ f Þ and RrðQ rÞ.References
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